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Monitoring processes in an industry is one means to ensure the
quality of goods produced or services provided. Control charts
are constructed by estimating control limits wherein the process
could be identified as stable. The estimation is made by analyzing
the behavior of the monitored process. However, the assumptions
of uncorrelatedness and normality of the measurements,
common in most control charts, are sometimes uncharacteristic
of the monitored process. Also, data from other variables may
be available and may provide meaningful information on the
behavior of the monitored process, and thus may be valuable in
the estimation of the control limits. In this paper, a methodology of
using sparse principal component regression from high dimensional
exogenous variables to estimate control limits of autocorrelated
processes is proposed. Simulations are made to further study
different scenarios that may affect the proposed estimation. The
false alarm rate, average run length during stable periods, and first
detection rate upon sfructural change are used as key indicators
for characterization and/or comparison. Simulation results suggest
that modelling a process using high dimensional exogenous
variables through sparse principal components creates better
estimation of its corresponding control chart parameters. False
alarm rates and average run lengths were comparable with the
Exponentially Weighted Moving Average (EWMA) control chart.
Also, faster identfification of structural change was observed
potentially due to the fact that the process is modelled in terms of
other information carried by the exogenous variables.
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1. Introduction

In monitoring activities or processes, it is critical to identify a group of
performance indicators to assess if the activity/process is meeting the standards
and expectations set by regulatory agencies, company targets, or consumer
requirements. In the manufacturing industry, statistical process control (SPC)
has long been used in order to monitor if the products manufactured conform
to certain specifications or to regularly maintain the stability of the process to
produce conforming products. Control charts are among the tools being used
to monitor stability and conformity of the performance indicators identified by
the company or possibly in general, a monitoring organization (Montgomery,
2009). Control charts are useful in identifying if the process is “in control,” i.e.
the process is stable, or if the process is “capable,” i.e. the process meets the
standards. There are several types of control charts, and commonly used are the
Shewhart, cumulative sum or CUSUM, and EWMA, to name a few (Shewhart,
1931; Page, 1954; Roberts, 1959; Montgomery, 2009). The type of control charts
varies depending on the characteristic of the data available, the objective of the
control chart, and the objective of the organization in process monitoring.

Usually, creation and/or analysis of a control chart considers only the specific
performance indicator being monitored. But “big data” or high dimensional data
may be available, and a specific performance indicator may be affected by several
exogenous factors. Information could be gathered by incorporating big data to
identify possible contributors to the variability of a certain performance indicator.
In the finance industry and stock brokerages for example, a monitored stock
(the performance indicator in this case) could be related to the behavior of other
different stocks, national and international indicators, or the activities of a website
(e.g. views, trending topics, click-through rates, action-through rates). One of the
key challenges in these scenarios is that a huge amount of data is available and
considering all of these would not be economical or practical. Also, the input
variables may exhibit high auto-correlations and cross-correlations which may
affect the estimation process. Variable selection or in general dimension reduction
and transformation, together with the appropriate estimation procedure or
analytical approach, are thus critical.

While having big data might be beneficial in order to gather more
information, certain key process indicators an organization is monitoring might
exhibit autocorrelation, i.e. when an indicator is affected by its previous values.
Autocorrelation may occur when the data gathering frequency is high or when a
process has not really “stabilized” before obtaining a sample. Control charts are
appropriate and work best when the process is stable or when the measurements are
uncorrelated and normal, while autocorrelations and non-normality may induce
errors in the analytical procedure. Such errors might lead to different effects such
as detection of “instability” or out-of-control (OC) when there is really no shift in
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the process or vice versa, wherein the process is already OC but the control chart
cannot detect such shifts (Maragah and Woodall, 1992; Montgomery, 2009).

This paper presents an estimation method for a univariate control chart
model of an autocorrelated process that simultaneously incorporates inputs from
high dimensional exogenous variables. In Section 2 the basic theory of control
charts is given. Section 3 describes a dimension reduction technique integral to
the proposed method. The proposed method is then presented in Section 4, and
results of the simulation studies are in Section 5. Finally, concluding remarks and
recommendations are presented in Section 6.

2. Control Charts

Shewhart control charts

Shewhart (1931) introduced the most basic and most widely used form of
the control charts, frequently referred to as Shewhart charts. The use of such has
several assumptions such as the normality of the data, independence of one data
point from another, and stability of the data over time. Shewhart (1931) proposed
the general theory of control charts for a specific variable of interest w, with mean
1, and standard deviation o, as follows (Montgomery 2009):

UCL=u, + Lo,
Centerline = y,,
LCL=gu,— Lo,

The model proposed is a basic model akin to confidence intervals wherein L
represents number of sigma units away from the mean. In the traditional use of
control charts, L is usually equal to 3 and thus the level of significance is 0.0027.
Also, the type of process parameter being monitored, as well as the number of
data available, determines the type of control chart suitable for the process.

Shewhart control charts are useful for detecting large and sustained shifts in
the process parameter, outliers, measurement errors, and data recording errors,
among others, but it is not used for monitoring stable processes wherein normally
only small shifts occur. In this regard, the cumulative sum or exponentially
weighted moving average control charts are more appropriate for such task
(Montgomery, 2009).

Exponentially weighted moving average conftrol chart

Exponentially weighted moving average (EWMA) charts are useful for
detecting small shifts in the process. The control chart is by Roberts (1959) and
its use expanded the field of reliability engineering. The estimation of the process
parameter for EWMA is defined as:
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z; =9+ (1-9)z,,

where 0<3<1 and x; are some constants and z; the series of interest. EWMA
considers the individual values as well as the immediate lagging value with a
coefficient (or weight) equal to 3. If 9 is equal to 1, it becomes similar to a normal
Shewhart chart. Under EWMA, the control chart parameters are as follows
(Montgomery, 2009):

4 2
UCL =y, + Lo a9 [1-0-9"]

Centerline = 1,

LCL=p,+Lo

a5 [1-(1-9)"]

In addition, EWMA control charts are better for non-normal data when it comes
to individual control charts, unlike the Shewhart charts that are more sensitive
to non-normality of the parameter. Montgomery (2009) also indicated that “it
is almost a perfectly nonparametric (distribution-free) procedure” given the
robustness of the control chart to a wide range of applications.

Other confrol charts and process modeling

Runger and Willemain (1995) used nonoverlapping batch averages as the basic
data and applied Shewhart charts when the process data is autocorrelated. Rather
than getting the residuals from the correct time-series model of the autocorrelated
process, as the residuals chart inherently degrades when autocorrelation increases,
they presented a simplified derivation of the average run length through the
weighted and unweighted batch means.

Mancenido and Barrios (2011) introduced the creation of control chart
parameters using the AR-Sieve Bootstrap especially suited for autocorrelated
process data. The method is better compared to traditional control chart models
in terms of performance based on average run length for in-control and out-of-
control processes. In addition, the advantage of creating models even for small
samples sizes and distribution free parameters is met through the bootstrapping
approach.

Poblador and Barrios (2016) extended the study by introducing exogenous
variables in the model using transfer functions. The model incorporates the
exogenous variables to better model the process parameter monitored. In
comparison with EWMA, the study wields control limits that are narrower leading
to higher false alarm rates but with higher detection rate for minimal structural
changes.
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Control chart performance evaluation

As with other models and model generation techniques, there are parameters
that evaluate the performance of the model generated. For control charts, since
the tool is used to monitor the performance of a process parameter, the chart itself
provides a near accurate assessment whether the process is in-control or out-of-
control (OC).

Control chart models utilize the Average Run Length (ARL) in order to measure
the number of data time points before an OC point is observed (Montgomery,
2009). In this regard, when the process is in-control, there should be no OC point,
or with the ARL, it should be long enough not to detect “false alarms.” In the same
way, when the process is already out-of-control, the control chart should quickly
detect process shifts, i.e., the ARL when a structural change occurs must be small.
For Shewhart charts with control limits p =+ 3o, this translates to an ARL for a
stable process of about 371, which means that for the Shewhart chart, considering
a stable process, it is expected that the interval between 2 false alarms is 371 time
points.

The False Alarm Rate (FAR) is another indicator for control chart models.
FAR is similar to a Type I error probability, measuring the proportion of instances
where there are “false alarms” or points plotting out of the control limits when the
process is in fact in-control (Besterfield, 2009). These points are detected during
the stable period which should not have occurred. FAR is computed as the total
number of out-of-control points under the stable phase. When the process is in-
control, it is favorable that FAR would be as small as possible.

Equivalently, a control chart with faster detection rate after occurrence of a
structural change would be more favorable. The FDR is computed as the length
(or number of time points) until the first OC point after a process shift. In this
regard, the first detection rate (FDR) should be as small as possible.

3. Dimension Reduction and Bootstrap Approaches

Sparse principal component analysis

Principal component analysis (PCA) is a multivariate analysis technique in
which the main and common objective is to reduce the dimensionality of a data
set with correlated variables. PCA reduces the data through the construction of
principal components, which are generally linear combinations of the original
variables (Jolliffe, 2002). However, when dealing with nonstationary time series
data, PCA induces the component loadings to be nearly the same for all variables
(Barrios and Komoto, 2006; Lansangan and Barrios, 2009), which means that the
interpretability and adequacy of using the principal scores may be compromised.
To address the problem of interpretability, Lansangan and Barrios (2009)
investigated the application of principal components to nonstationary time series
data, and Lansangan (2013) further proposed using sparse principal components
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when dealing with high-dimensionality and nonstationarity in a regression
problem. The works of Lansangan and Barrios (2009) and Lansangan (2013) are
hinged on the framework introduced by Zou et al. (2006).

Zou et al. (2006) introduced a modification of PCA with an additional
constraint and estimation procedure, such they called sparse principal component
analysis (SPCA). They proposed an optimization problem to enhance the
dimension reduction capabilities of PCA and obtain sparse loadings of the sparse
principal components (SPCs). Using the SPCs allows for dimension reduction
vis-a-vis interpretability. The SPCs, however, are correlated to some degree with
each other, and explaining less variability than those of the PCs in PCA (Zou et
al., 2006).

Model-based bootstrap method for fime series

One approach for resampling for time series data is the model-based
approach (Davison and Hinkley, 1997). In model-based resampling, there is a
predefined model that is fitted into the data, and the residuals are then computed.
Resamples are obtained from the generated residuals to generate new series.
For a process {Y;} with an AR(1) time-series model, suppose z=1,2, ..., n, then
Y=¢Y.,+¢. The autoregressive parameter is then estimated using conditional
(general) least squares, so that the estimated innovations or the residuals take the
form g =7 —;zgYH. Random samples (with replacement) are obtained from the
generated residuals to obtain the simulated innovations &,,...,&, . From these the
process is rebuilt, with YO* = 8;, and Yt* = ¢Yi1 + g:,t =1,..,n.

4. The SPCRAE Control Chart

A regression-based approach to constructing a control chart by modeling
an autocorrelated output variable (i.e., the performance indicator) using high
dimensional exogenous variables is presented. In summary, the control chart
parameters are obtained through a sparse principal component regression with
autocorrelated errors (SPCRAE). The steps are presented in Table 1.

Table 1. Methodology for the SPCRAE Control Chart parameters

STEP DESCRIPTION RESULT
Step 1 Generate the sparse principal components (SPCs) Sparse Principal Components
P for the exogenous variables. (SPCy, SPC,, ..., SPC))
Fit the SPCs with the performance indicator, Y, y=pot BSPC\+.. +B,SPC,+ ¢
Step 2 | into a linear regression model with autocorrelated e~AR(p)

€rrors.

Obtain the fitted values, p, . The fitted value at time Centerline, = J,
Step 3 | t would serve as the centérline for the control chart
at that time point.

Step 4 | Obtain the residuals from Step 2. Residuals {e,}
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Step 5

Generate a resample of the residuals {e,}.

Resample{e,‘ }

Step 6

Repeat Step 5 B times, where B is a large number,
so that B independent replicates of reconstructed
samples are generated.

{ef},.befl,2,... B}

Step 7

Obtain the 0.00135" and 0.99865" percentiles for

+1(0.00135) (4 (0.99865)
e}, el
b b

each resample {e: }b ,befl,2,...B}

0.99865™ percentiles of the B resamples.

1 t

B

B( «)(0.00135)
> e}
_ LUy

- B

Step 8

UCL and LCL of the process.

th

Compute for the average of the 0.00135™ and

B( x)(099865)
11 (0.99865) ZI {e[ }b 41 (0.00135)
e ==

These estimates would serve as the basis for the

UCL, = )/;: + {e*}(@bsbs)

t

(0.00135)

LCL =y, +{e]}

5. Simulation Study

Let the process of interest or output variable be y, and let the multiple

exogenous p input variables be xj, Xy, .

.., X, across time points ¢=1,2,...

L.

The process is assumed to be autocorrelated, while the input variables are
high dimensional (the number of inputs p greater than the length or number of
observations 7) and elicit groupings within themselves. Table 2 summarizes the

variable specifications.

Table 2. Variable Simulation settings

VARIABLE SETTINGS
Number of input variables, p Dependent 01171 t:hZ nserles length.

Base variable parameters (for

Input variables | o, 1 [atent group)

Group 1: x,,; ~ U[10,20]
Group 2: x,,,,~ N (50,8.333)
Group 3: x,,,,~ U[100,110]

Non-base variable parameters

Xi= PXpase-grp + €

&~ N(0,1) = approx. 10% of base variable

Model generation Vi= YT &
Process/ Average of all x’s for that time period
Output S x
variable Yme y, = Tk
P

Autocorrelation

g, ~AR(1) where @, = 0.6,v,~ N(0,1)

To test the robustness and the behavior of the estimation procedure and/or the
SPCRAE control charts, specific simulation scenarios are set as follows (Table 3).
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Table 3. Scenario Parameter settings

SCENARIO PARAMETER SETTINGS
30 (Short)
Series Length 60 (Average)
204 (Long)
Number of Latent Groupings 2
(or Number of PCs) 3
Structural Change in the Mean Shift Jz}\_h,,, =y, *1.1

P
rocess Presence of trend (¢, = 0.9)

Less than 1 of actual number of
Number of SPCs used latent groupings, same as actual,
more than 1 of actual

The simulation study is run with B=1000 bootstrap resamples for 1000
replicates per scenario. The SCPRAE control chart is compared to an EWMA
control chart in terms of the 3 performance measures — false alarm rate (FAR),
average run length (ARL) and first detection rate (FDR). The FAR is obtained
by counting the number of OC points, i.e. points falling out of the control limits
when the process is in the stable phase. The ARL is computed based from the
average length of run between OC points for an in-control process, while the FDR
is determined based from the first OC point after a process shift.

False alarm rate

False alarm rate is the measure of the number of out-of-control points even
when the process is in control. For this measure, a smaller value of FAR is
favorable as it indicates that the process would yield smaller chances of false
detection.

Table 4. False Alarm Rate simulation results

Series Number Average Percentage of replicates with smaller FAR
Length | of PCs | SpCRAE | EWMA SPCRAE EWMA Tie
30 2 2.33 7.90 31.6% 66.5% 1.9%
30 3 2.30 9.05 46.2% 48.8% 5.0%
60 2 2.34 15.93 32.9% 64.5% 2.7%
60 3 2.35 18.70 62.6% 32.5% 4.9%
204 2 251 39.58 41.5% 51.8% 6.7%
204 3 2.52 51.57 71.9% 27.9% 0.2%
Total 2.39 23.79 47.8% 48.7% 3.6%
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Figure 1. Boxplots of False Alarm Rates for EWMA and SPCRAE

From Table 4, FAR is more consistent using SPCRAE than with EWMA,
averaging at around 2.39 regardless of the scenario. It could also be noted that the
average FAR for SPCRAE is lower than with that of EWMA (at 23.79). This can
also be observed from the boxplots as shown in Figure 1. Also, there are almost
the same number of replicates that SPCRAE is performing better than EWMA.

In more detail, Figure 2 summarizes the different scenarios and combination
of factors considered to check robustness and flexibility of SPCRAE and EWMA
control charts with respect to FAR. It could be observed that using the SPCRAE
methodology (Figure 2a), only the series length appears to affect the FAR,
however, the FAR averages are small in terms of magnitudes. This implies that
for either small or large number of observations, the methodology produces lower
FAR. For the two-way interactions between the scenario parameters, there are
no significant patterns that could be observed for the identified scenarios. On the
other hand, same can be observed about EWMA (Figure 2b), but as already noted,
the values are larger than those of SPCRAE.
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Figure 2. Effects charts for FAR of SPCRAE and EWMA Control charts

Average run length

The average run length (ARL) is the measure of length of runs in a given
series between two OC points under an in-control phase. This measure is related
to FAR as both consider the occurrence of OC points, but ARL mainly identifies
the length of time or the number of observations before the observer can expect

the next OC point in the control chart after an OC point has been observed.

Table 5. Average Run Length simulation results

Series Number Average Percentage of replicates with smaller ARL
Length | of PCs | SpCRAE | EWMA | SPCRAE EWMA Tie
30 2 10.16 1.18 33.7% 65.5% 0.8%
30 3 10.15 1.73 52.3% 46.4% 1.4%
60 2 19.42 1.68 36.8% 62.9% 0.3%
60 3 19.67 3.49 66.4% 33.2% 0.4%
204 2 59.55 13.54 48.1% 51.8% 0.1%
204 3 60.11 6.25 70.2% 29.8% 0.0%
Total 30.21 5.02 51.2% 48.3% 0.5%
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Figure 3. Boxplots of Average Run Length for EWMA and SPCRAE

On the average, the SPCRAE methodology produces longer runs than EWMA
for in-control processes (see Table 5). In addition, looking at the comparative
percentage of times ARL is longer, the SPCRAE methodology performs a
bit better than EWMA. The boxplots per series length (Figure 3) suggest that
SPCRAE consistently produces longer ARL.
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Generally speaking, SPCRAE produces longer run length for in-control
processes than EWMA does. The ARL values of SPCRAE are consistently
averaging at around 30% of the series length. From the percentage of replicates
comparing both EWMA and SPCRAE, same with FAR, SPCRAE also performs
consistently better when there are more inherent groupings among the variables
under study.

Figure 4 shows the ARL performances of SPCRAE and EWMA control charts
with respect to the scenario parameters of the simulation study. From Figure 4a,
only the series length affect the ARL for the SPCRAE control charts. Looking at
Figure 4b, it could be observed that EWMA seems to perform more poorly when
there are more latent groupings in the data. Also, ARL of EWMA seems to be
affected by the interaction of series length and the number of latent groupings in
such a way that when the series is longer, having more latent groupings tend to
have shorter ARL.

First detection rate

The first detection rate (FDR) is the measure of the instance of detection
of out-of-control after a structural change in the process. The measure would
identify the response rate of the control chart in relation to the process shift. This
is critical to the observer as this would measure how fast the system could adjust
or identify unusual behavior.

Table 6. First Detection Rate Simulation Results

Average Percentage of replicates with smaller
Series Number FDR
Length of PCs
Stcrﬁ;;‘;rjl SPCRAE | EWMA | SPCRAE | EWMA Tie
30 2 Mean shift 1.24 2.00 19.4% 80.5% 0.1%
30 2 AR shift 1.01 2.39 53.3% 0.8% 45.9%
30 3 Mean shift 1.00 7.67 88.5% 11.0% 0.5%
30 3 AR shift 1.01 2.34 52.6% 0.9% 46.5%
60 2 Mean shift 1.48 8.23 48.3% 51.4% 0.3%
60 2 AR shift 1.01 2.03 43.7% 0.7% 55.6%
60 3 Mean shift 1.01 9.68 98.5% 0.3% 1.2%
60 3 AR shift 1.01 2.05 45.2% 0.4% 54.4%
204 2 Mean shift 3.53 31.64 93.3% 6.1% 0.6%
204 2 AR shift 1.01 1.98 42.5% 0.5% 57.0%
204 3 Mean shift 1.07 9.70 97.8% 0.5% 1.7%
204 3 AR shift 1.02 1.94 41.2% 0.6% 58.2%
Total 1.28 6.80 60.4% 12.8% 26.8%
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Figure 6. Effects charts for FDR of SPCRAE and EWMA Control charts
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The results shown in Table 6 indicate that for all scenario parameter
combinations, the SPCRAE methodology detects out-of-control faster than
EWMA by about 5 observations on the average. In addition, the figures in Figure
5 indicate that after a structural change in the response variable, the process owner
could expect to detect it within 1 to 2 observations or time points. This is much
acceptable as in some cases, processes are monitored for longer intervals and thus
the need for quicker detection of process shifts. Also, more than 85% of the time,
SPCRAE performs better or at the same level as EWMA.

Looking across the different settings of the simulation parameters, it could
be observed that there may be significant contributors to the FDR (see Figure 6).
In general, the series length, number of latent groupings, deviation of estimated
SPCs, as well as type of structural change may affect FDR of SCPRAE and
EWMA control charts.

6. Conclusions and Recommendations

This paper presents control limits estimation using the methodology of sparse
principal component regression with autocorrelated errors (SPCRAE) to generate
the SPCRAE control chart. Results show that SPCRAE control chart performs
at least on the same level as an EWMA control chart in terms of average run
length, false alarm rate, and first detection rate. Compared to EWMA, SPCRAE
performs better with detection of out-of-control points after structural changes
are introduced in the time series. The SPCRAE control charts are consistent with
averages of about 2 to 3 FAR, at least 30% of the series length for ARL, and
within 2 time points for FDR.

Clearly, modelling a process using high dimensional exogenous variables
through sparse principal components is seen to produce better estimation of
the process and its corresponding control chart parameters. Fewer false alarms,
longer run lengths, and faster identification of structural change may be observed
when much of the exogenous variables indeed are “in-favor” with or valuable to
the process.

Recommendations for further studies include determining the effect of the
amount of structural shifts in both the mean and the trend. The sensitivity of the
control chart methodology with respect to process shifts might be more meaningful
depending on the extent of the shift introduced in the process. The effect of the
autocorrelated process could also be studied further in terms of processes other
than an AR(1), or a more general model assumption for the process as a function
of exogenous variables. In terms of high dimensionality, methods other than
SPCR may be explored.
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