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Questions on the extreme scenarios in environmental conditions and economic
climate have surfaced over the past years. Issues on global climate change have
brought about questions on possible severe weather conditions such as droughts,
floods, and heavy rains, which result to loss of lives and livelihood. Financial
and economic crises have introduced uncertainties in economic conditions that
give rise to possibilities of bankruptcies in global institutions and high inflation
levels which could bring serious threat to society. Extreme scenarios are rare,
yet the effects persist in very long time frames and impacts diverse scenarios.
Statistical methods depicting typical central values of observed variables could
fail in describing extreme conditions. Thus, extreme value theory offers alternative
methods in understanding extreme behavior.

What is Extreme Value Theory?

Extreme value theory offers results in distribution theory that can help
characterize the behavior of extreme observations. Analogous to central limit
theory (describes how the sample mean converges to the normal or Gaussian
distribution as sample size gets very large), extreme value theory describes
how the sample maximum or the tail of a distribution converges to a probability
distribution as sample size gets very large. The central limit theory favors statistical
inference through the Gaussian distribution, e.g., characterization of the sample
mean, sample variance, conduct of t-tests, z-tests, and F-tests, etc. On the other
hand, extreme value theory is associated with estimation of extreme quantities.
The literature however is dominated by topics on modeling sample maxima than
sample minima values. This does not pose any dislike to modeling extremely low
values, but it is more brief to discuss one type of extreme value since a minimum
can be easily transformed to a maximum value without loss of information, i.e.,
max (= X ,..., = X)) =-min ( X ,..., X ).
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Two Theorems and Some Methodologies of Extreme Value Theory

Given a random sample X,,...,X,, from a population distribution function F,,
the distribution of the sample maximum, X, is Fyn (X) = [F«(x)]", which would
degenerate when the sample size n becomes very large (Mood et al., 1974). This
result is trivial since it implies that inference on the maximum value is futile for
very large sample sizes. However, convergence can be weakened as sample size
becomes large to generate elegant results for extreme values.

The first theorem that describes the property of extreme values is the Fisher-
Tippett-Gnedenko theorem (Fisher and Tippett, 1928), also known as the Extremal
Types Theorem. If a sequence of values a, and b, is properly chosen, both as
functions of n, then the sequence z,=(Xq — a,) /b, converges as n becomes very
large to one of three distributions depending on certain criteria on the population
distribution. The theorem is modified (Coles, 2001) so that the convergence
reduces to one distribution, the generalized extreme value (GEVD) distribution,
which summarizes the three distributions. The GEVD distribution is shown
having a distribution function G (x; u,c,¢) of the form:
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Based on this distribution, high quantiles, called return levels, can be derived.
An m-period return level is the 1/m upper quantile of the distribution, interpreted
as the “once in every m observations/periods” extreme value. Under the GEVD,
this return level is:
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The data fitted to the GEVD are maximum values of a characteristic observed
at discrete time points (e.g., annual maximum sea level of a bay, daily maximum
wind speed, maximum day-by-day percentage loss of investing in a market
asset in a month). Estimation of the parameters of the GEVD may be carried
out through any manner of estimation, e.g., maximum likelihood (Coles, 2001),
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method of moments (de Haan and Ferreira, 2006), or Bayesian techniques (Coles
and Davison, 2008). From the estimated parameter values, the m-period return
level can be estimated by substitution.

When the dataset {r,,...,r;} is not a collection maximum value at discrete
time points (e.g., rate of asset return in one day of market trading), the data
is divided into g sub-samples of consecutive periods called blocks of equal
size M such as months, or quarters, i.e., {[r;, ...y 1,-s [Fgapers Tgul}- From
each block, the maxima r;= ry ...y are collected and the maxima dataset
{r*l,...r*g} are fitted to the GEV distribution. This methodology is called the “block
maxima” procedure (Gilleland and Katz, 2005). One typical problem with the
block maxima procedure is its high sample size requirement. A large number of
blocks are necessary for optimal inference with the GEVD. Within each block,
a large number of time points should be contained to provide an appropriate
maximum value for the block, e.g., a maximum for a 5-day trading week is less
reliable compared to a maximum for a 20-day trading month for daily data.

The second theorem that describes extreme occurrences is the Pickands-
Balkema-de Haan theorem (Balkema and de Haan, 1974; Pickands, 1975), which
is the basis of the “peaks-over-thresholds” approach in extreme value models. The
theorem states that for a very large threshold value u, the conditional probability
distribution P(X > x | X > u) of a random variable X approaches the generalized
Pareto distribution (GPD), with distribution function H (X; u,0,£) and m-period
return level x_(Coles, 2001):
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The term ¢ is equal to P(X > u). Given some data, the return level is estimated
by the proportion of observations greater than u in the sample.

To carry out the peaks-over-thresholds approach on a dataset {r,,...r},
a proper threshold G is selected first. Some threshold selection methods are
compiled in Coles (2001) and Coles and Davison (2008), yet expert opinions can
be used as basis. From the dataset, all observations whose values are less than or
equal to U0 are ignored in the estimation process and those which are larger than
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{ are gathered to a new dataset{rl“ yeres rd”} , Where d is the size of the new dataset.
Estimation of the parameters of the GPD is carried out using the new dataset using

any method of estimation. This is then used in estimation of return levels X, with
S =(T-d)/T.

The difficulty of using the method is the selection of the threshold, which
is analogous to finding the “goldilocks zone.” If the threshold is too small, then
there is a problem of bias since the collected data may not portray the true tails of
the data, i.e., some typical values are mixed in with the extremes. If the threshold
is too large, then a very small number of observations will be used for GPD
estimation, and thus leads to unreliable parameter estimates.

Coles (2001) and de Haan and Ferreira (2006) provide more comprehensive
discussion on different scenarios in theory and applications in extreme value
theory.

Applications of Extreme Value Theory

There have been some promising applications of extreme value statistics
in the environmental sciences. Return levels on certain environmental variables
bring insight on possible scales of severe conditions, such as the “once-every-
100-year flood level,” “once-every-decade storm surge,” and the like as basis for
structural standards for flood gates and seas walls. Coles (2001) compiles these
applications in environmetrics and Castillo et al. (2005) compiles its applications
in science and engineering, where structural integrity studies, quality control, and
other examples are shown.

Recent applications of extreme value theory has been observed in the
literature of econometrics. By the adoption of the Basel accords by central banks
and financial regulators around the world, value-at-risk estimation by financial
institutions through statistical modeling has flourished, and the “100-period return
levels” in extreme value theory can be interpreted as “once-every-100-trading
maximum loss” or the value-at-risk at 1% probability of extreme loss. Jorion
(2007), Tsay (2002), and McNeil et al. (2005) documented the use of extreme
value theory in financial econometrics and market risk management and derive
the value-at-risk measure based on return levels.

Among the early research in extreme value statistics in the Philippines,
Formacion et al. (1991) applied extreme value theory to explain the statistical
distribution of the largest fish lengths of mackerel. More recently, econometric
applications were contained in Suaiso and Mapa (2009) and Cayton et al. (2010),
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where extreme value theory is used in value-at-risk estimation of some financial
indicators. Santos et al. (2010) discusses the use of extreme value theory in price
level monitoring through the inflation-at-risk measure.

Final Remarks

Answering questions concerning potential extreme scenarios and magnitudes
through data is possible through statistical modeling of extreme values based on
extreme value theory. The methodologies have strong applications in environmental
science and financial engineering where extreme scenarios are possible to cause
adverse effects. Extreme value statistics and its applications in the Philippines are
open research frontiers with the potential of making significant contributions in
environmental and economic planning, monitoring, and policymaking.
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